In recent years, ultrafast pump-probe spectroscopy has provided insightful information about non-equilibrium dynamics of excitations in materials. In a typical experiment of time-resolved x-ray absorption spectroscopy, the systems are excited by a femtosecond laser pulse (pump pulse) following by an x-ray (probe pulse) after a time delay to measure the absorption spectra of the excited systems. We present a theory for time-resolved x-ray absorption spectroscopy in one-dimensional strongly correlated systems. The core hole created by x-ray is modeled as an additional effective potential on the core hole site which changes the spectrum qualitatively. In equilibrium, the spectrum reveals the charge gap at half-filling and the metal-insulator transition in the presence of core hole effect. Furthermore, a pump-probe scheme is introduced to drive the system out of equilibrium before the x-ray probe. Effects of the pump pulse with varying frequency, shape and fluence are discussed on the dynamics of strongly correlated systems for in and out of resonance. The spectrum shows that the driven insulating state has a metallic droplet around the core hole. The rich structures of time-resolved x-ray absorption spectrum give more insight on the dynamics of electronic structures.
One of the primary goals of x-ray spectroscopy is to probe the properties of core level electrons and its coupling to the conduction electrons [1, 2] . In contrary to the angle-resolved photoemission spectroscopy, which provides an accurate measurement of low-energy band structure [3] [4] [5] [6] , the x-ray spectroscopy provides a sensitive and versatile probe of the highenergy excitations. On the other hand, the rapidly developed resonant inelastic x-ray scattering, a photon-in photonout process, provides more information on the excitation spectrum [7] [8] [9] [10] . The short time evolution of slightly excited initial state in both bosonic and fermionic systems can be exploited to answer many fundamental questions in condensed matter physics and strongly correlated systems. One example is the cold atom systems, where the trapped atoms in optical lattice have relatively slow motions [11] than electrons in the materials. Several studies have investigated the relaxation of the quantum many-body state after the sudden quench [12, 13] and proposed scheme to probe the properties of many-body wavefunction [14] [15] [16] . The ultrafast laser spectroscopy provides an additional gear to investigate the electronic structure of excited states in complex materials. Although the photoexcited carriers usually have very short time scales [17] , the state-of-the-art pump-probe technique can still study the time evolution of the materials, for instance, cuprate superconductors [9, 18, 19] , transition metal oxides [20, 21] , and charge density wave compounds [19, [22] [23] [24] . Along with the development of table-top x-ray source [25, 26] , the direct mapping of the binding electronic state [27] and the reconstruction of the charge, spin, and lattice dynamics [28] from time-resolved x-ray spectroscopy are within reach.
Metal-insulator transition in the strongly correlated materials is one of the intriguing phenomena and the properties of excited state spectrum is difficult to calculate in theory. By using x-ray absorption in experiments [29] [30] [31] , one can determine the metal-insulator transition as the temperature varies or doping changes [18] . The dynamics of such systems, driven out of equilibrium by external stimuli, can provide insight into the underlying interactions between different coupling mechanisms within femto-to picosecond time scales [32, 33] . Selective measurement techniques are necessary to probe specific excitations since the connection between various types of excitations is hidden deep in the quantum wavefunction, which cannot be observed directly.
Different from other probe techniques, the x-ray absorption spectroscopy (XAS) also brings out the core-hole effect [34] [35] [36] [37] . Combined with the valance-electron quantum dynamics, the core hole effect is expected to create novel phenomena in non-equilibrium systems. In this Letter, we proposed a single band model to study both the equilibrium and time-resolved (TR) XAS of one-dimensional strongly correlated systems. We model the core hole created by the incident x-ray as an attractive potential to the conduction electrons. In equilibrium, the spectrum reveals the metal-insulator transition for systems at the half filling due to the core hole effect. The time-resolved spectrum have even more features including a metallic droplet around the core hole from a driven insulating state. Furthermore, the TR-XAS shows a resonance between the frequency of the incidental pump pulse and the charge gap of the systems.
Theoretical formalism -Starting from a conventional twoorbital model [38] and considering the dipole matrix element: 3d σ |T σ |2p between two orbitals for absorption where T σ is a dipole transition operator, we propose an effective single band model to capture the single x-ray photon event. In equilibrium, the conduction electron are described by a FermiHubbard model (FHM),
Here, |i (|f ) and E i(f ) are the initial (final) electron states and energies, c † mσ denotes the electron excited from core level to conduction band with spin σ at site-m. Using the identity δ(x) = 1 π lim Γ→0 + Im 1 x+iΓ , the intensity can be expressed as I XAS (ω) = 1 π σ ImA σ (ω), with the quantity A σ (ω) given by
Here, the Γ represents the core hole lifetime broadening effect. The H m inside the non-local time correlation function A(t) is the sum of the equilibrium Hamiltonian H and the effective attractive potential −V ch σ n mσ due to the presence of core hole. It makes logical sense that the initial state, |i , is the many-body wavefunction right before the x-ray probe kicks in. Below we consider the results in two situations: (i) the initial state is ground state of the equilibrium Hamiltonian and (ii) a non-equilibrium initial state encoding the pump pulse fluence. Static XAS -We start from the equilibrium case where the initial state is the ground state of Eq. (1) in one-dimension, which can be obtained by density matrix renormalization group method accurately [13, 39, 40] . For non-interacting fermions, the wavefunction is a Slater determinant, which can be expressed as matrix product state (MPS) form [40, 41] . Here, different initial interactions and filling fractions,n f = iσ n iσ /L where L is the number of lattice sites, are studied. The non-local time correlation function is solved in time evolving block decimation [42] [43] [44] under MPS framework [13, [45] [46] [47] [48] . Since the initial state is the ground state of the FHM, the evolution operator acting on the bra state can be reduced to a phase factor, i.e. i|e iHt = e iEit i| with ground state energy E i . The operation c † iσ |i can be easily carried out in single sweep [49] . Due to the finite lifetime of the core hole Γ, the simulation of real time dynamics is not required to be long to capture the spectrum qualitatively. Throughout this work, we use time step δt = 10 −3 t 0 in second order SuzukiTrotter approximation for time evolution and core hole lifetime Γ = 0.3J for calculations of spectra.
The main objective here is to capture the core hole effect in the XAS of strongly correlated systems. Starting from noninteracting Fermi sea state at half filling, shown in Fig. 1(a) , the results show that the spectrum is split into two peaks from one due to the core hole potential. It is worthy to mention that the spectrum corresponds to the absorption part of the spectral density in the absence of core hole potential [38] . The locations of the peak indicate the corresponding bound state energy due to core hole potential, which is around ω d (ω s ) for doubly-(singly)-occupied bound state at the core hole site, as marked in Fig. 1(a) . The amplitudes of both peaks are roughly the same. This changes as soon as the filling moves away from half filling as shown in Fig. 1 (c) and the singlyoccupied state has higher amplitude than the doubly-occupied state. The frequency is globally blue-shifted (comparing the spectrum between Figs. 1(a) and (c) for the same core hole potential. Despite that, the difference of this two frequencies, ∆ω = ω s − ω d , reveals the core hole potential as shown in Fig. 1 (e) on all three different fillings. Despite small shifts under different filling factors, the frequency difference follows the linear scaling as core hole potential. For interacting fermions away from the half filling, shown in Fig. 1(d) , the frequency of singly-occupied state still has stronger amplitude and all peaks around −V ch , which signals the core hole potential. On the other hand, the frequency for the doublyoccupied state shifts as the interaction changes and is around U −2V ch . This explains the energy difference ∆ω = V ch −U as shown in the Fig. 1(f) . Therefore, the XAS can enable us to determine accurately the core hole potential and the interacting strength of the measured strongly correlated systems.
For systems at half filling, starting with Fig. 1(b) , three different interaction strength are compared. In order to make a comparison to free fermions, the frequency is shifted to match the symmetric point determined by the density of states [38] . Comparing to the systems away from half filling, where only the doubly-occupied state has the frequency shifted by U , both peaks are now shifted due to the strongly correlated effects. After the core electron is excited to the conduction band, the core hole site is nearly a doubly-occupied in this Mott insulating phase. Since the filling factor is exactly at half originally, the excess electron can escape from the core hole site, giving rise to another doublon elsewhere. This doublon outside the core hole site makes the frequency of singly-occupied bound state shifted by U as well as the doubly-occupied bound state. Therefore, in the half filling, the energy of singly-occupied state is shifted to ω s = U −V ch and the frequency difference is independent of the interaction for two different core hole potentials, as shown in Fig. 1(f) . We also remark that there will be only one visible peak (ω d ) in extremely strong interaction regime, U V ch J, for which the spectrum is gapped out from having doublon outside the core hole site.
In addition, the weight of corresponding response also reveals important information about electronic structure. It is defined as
where the δω is a finite width that covers the exponential decay tail due to the broadening. The spectrum is normalized such that i W i ≈ 2 due to spin degrees of freedom. It is known that the charge gap exists in one-dimensional half-filled FHM with any finite U in the thermodynamic limit [50, 51] . From Fig. 1(b) , we can immediately observe this feature from the XAS. In the absence of interaction, both singly-and doubly-occupied bound state have almost the same weight. As the interaction increases, the weight of doublyoccupied state always dominates over the singly-occupied state. When the system moves away from the half filling, as shown in Fig. 2(a) , the weight shifts toward the peak of singlyoccupied state. We notice that this weight shifting depends on both interactions and the core hole potentials. The system is at the half filling.
and (c) give a more quantitatively analysis on the shifting weight for varying interaction strength and core hole potential. At the half filling, both signals have equal weight from the Fermi sea state and the signals from doubly-occupied state becomes more dominant as the interaction becomes finite for various core hole potentials, especially in a deep core hole potential (compare the spectra for V ch = 4J and 8J in Fig. 2(b) . This suggests that the charge gap opens in finite interactions. In the low electron occupation limit, the dominant signals is always the singly-occupied state as shown in Fig. 2(c) . In the weak interaction regime, U < 4J, the weight distributions are almost identical despite different core hole potentials. Time-resolved XAS -When a laser pump pulse is incident before the x-ray photon, the initial state in Eq. (3) is no longer the ground state of the FHM. We model the effect of the laser pulse via a time-dependent Pieles phase in the Hamiltonian, J → Je
, where the phase has a gaussian profile, A(t) = A 0 e
with intensity A 0 , central frequency Ω and pulse shape with width τ and a time delay t d (We set the probe always starting at t = 0). The average incoming number of photons per lattice site from the pump is estimated to be ∝ A 2 0 Ωτ . In order to capture the effect from the pump pulse, the time delay is chosen large enough where the amplitude of pump pulse is almost vanished (A(0) < 0.1) before measuring the XAS. Therefore, the real time dynamics of initial ground state wavefunction under pump pulse needs to be simulated before calculating the nonlocal time correlation function. In other words, the initial state in Eq. (3) is given by |i =Û (−2t d , 0)|GS , whereÛ is the time evolution operator of the FHM including the interaction with the electromagnetic field and |GS is the ground state of the FHM.
We first vary only the time delay by keeping the pulse intensity, frequency, and shape fixed. The TR-XAS for the half filling is shown in Fig. 3 with different time delay t d . Since our model does not include the relaxation effect, the TR-XAS will never recover back to the equilibrium one even after an extended time delay. Here, the spectrum from different time delays does not change much since the state only picks up some extra phases after the tail of the pulse diminishes. Only small changes of the frequency and amplitude, shown in the insets of Fig. 3 , are due to the infinitesimal tail of the pump pulse. As long as the time delay is long enough, the signals become translational invariant in time as one compares the t d = 5t 0 and 6t 0 . Also, the shifting of the peaks is roughly equal to the energy changes of the state from the pumping. Beside that, the spectrum is qualitatively different from the one at equilibrium. First of all, there are only two major peaks in the equilibrium spectrum, but the TR-XAS exhibits much rich feature from the excited states. For the weak interaction case, e.g. U = 2J, new peaks emerge around ω d(s) + 3J, where the shift matches the pump pulse frequency Ω. As the interaction increases to 4J, the fluence from the pulse is severe and this is because the Mott gap is close to the frequency of the pump pulse. This resonance effect will be elaborated later. Once the interaction reaches 6J and 8J, a new peak emerges around −V ch . As we have discussed in the equilibrium spectrum, this energy corresponds to the singly-occupied state (ω s ) from a metallic signal. This metallic signal comes from the excitation of the pump probe around the core hole. Here, the core hole induces similar effect observed in superconductors with impurity or disorder [52] .
We then vary the intensity of pulse to study the quantitative change of the TR-XAS, by using the same time delay t d = 6t 0 to ensure the pump pulse is almost finished. In  Fig. 4 , the TR-XAS is shown under different intensities of the pump pulse. For all interaction strengths, both the singlyand doubly-occupied peaks get smaller weight as the intensity increases. One expects that the system will melt down and the spectrum will become complete featureless as the state is excited into the continuum when the pump pulse is very strong. Before that, the spectrum appear to have peaks separated by the energy closed to pump pulse frequency. More interestingly, the pump pulse used here has frequency Ωt 0 = 3 and strongest fluence on the U = 5J state. Considering the same intensity, A 0 = 0.1 and 0.15 for example, the shift of frequency of the doubly-occupied state are larger for U = 5J as shown in Fig. 4(c) . As the interaction increases to 6J and 8J, the effects of frequency shift and the weight of doublyoccupied state are also smaller than the one of U = 5J, where the detail comparison is shown in Fig. 4(b) . By switching the frequency to Ωt 0 = 6, shown in Figs. 5(a) and (b) , the effects from the pump pulse increase as the interaction becomes stronger up to U = 7J. In the weak interaction and strong intensity regime, the TR-XAS appears to have peaks separated by 6J which is the frequency of the pump pulse. In the strong interaction regime, the spectrum become featureless instead. The frequency shift is also bigger in the strong interaction regime when compared with the pump pulse with frequency Ωt 0 = 3, where the maximum fluence happens near 5J. One expects that the effect will be diminished once the interaction becomes much stronger than 8J. Therefore, both the shift of frequency and the change in the weight of the doublyoccupied state give the same conclusion that there is a resonance between the pump pulse frequency and the the charge gap in the systems. On the other hand, for the single cycle THz pulse with frequency Ωt 0 = 1, as shown in Fig. 5(c) , the results show that the spectrum becomes featureless for weak and intermediate interactions (e.g. U ≤ 4J). As the interaction becomes stronger, the TR-XAS is less affected by the The change of weight (filled symbols) and frequency (empty symbols) of the doubly occupied state with A0 = 0.9. The pump pulse is set to Ωt0 = 6, width τ = 3t0, and time delay t d = 6t0. The core hole potential is set to Vch = 12J.
pump pulse. For instance, for U = 8J, the shift of frequency and change in weight are minimal when compared to the static XAS.
As the system moves away from half-filling, it is known that the ground state is metallic. Similar to the half filling case, the peaks in the spectrum shift roughly the energy change from the pump pulse. The DOS shows no gap near the Fermi energy and a Hubbard satellite with a gap proportional to U [38] . The TR-XAS under various pump pulse fluence is shown in Fig. 6(a) with frequency Ωt 0 = 6. The spectrum is less affected by the pump pulse as the interaction increases from U = 2J to 6J. From Fig. 6(b) , the results show additional absorption peak emerging around ω s +6J. As the interaction gets stronger, the TR-XAS start to respond to the pulse frequency in both change of frequency and the weight of doublyoccupied bound state, as shown in Fig. 6(c) .
Conclusion -We have proposed a single band model to capture the core hole effect in the XAS and calculated the spectrum of one-dimensional strongly correlated system. The static XAS is able to distinguish the corresponding core hole potential and interaction strength of the strongly correlated materials. Due to the strongly correlated effect, the static XAS reveals the charge gap from the doubly-occupied bound state when the system is half filling with finite interaction. Here, the frequency difference between doubly-and singly-occupied states barely depends on the interaction strength. Furthermore, considering the pump pulse with different time delay, intensity and frequency, the TR-XAS show that the driven system has a metallic droplet around the core hole. This core hole effect have similar phenomenon as an impurities influence the electronic states of superconductors. Because of the resonance effect between the charge gap and the frequency of the pump pulse, the fluence of the pump depends on the electronelectron interaction within the system, and the resonance can be observed from the shift of frequency or the change in the weight of the doubly-occupied bound state. Our results show the static and time resolved XAS can help to identify the main excitations contributing to the spectrum and guide the future pump-probe experiments on strongly correlated materials.
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II. PHOTOEMISSION SPECTROSCOPY
Since our approach solve the ground state at canonical ensemble, the exact chemical potential is unknown. To properly identify the exact Fermi energy to be our reference point in the spectrum, we calculate the density of states here. In the absence of core hole potential V ch = 0, one will obtain half of the the density of states from photoemission spectroscopy. By calculating the emission spectrum from
we can determine the zero energy reference point from the complete photoemission spectrum (PES), I PES = 1 π σ [ImA σ (ω) + ImI σ (ω)]. We demonstrate this calculation for half filling in Fig. S1 and one third filling in Fig. S2 for various interaction strength U . For systems away from half filling and non-interacting fermions, the symmetry position is around 0 which is the Fermi energy. For insulating states, half filling with non zero U , the symmetry point is at U/2.
We remark that dynamical DMRG [S1-S3] which use correction vector can determine density of state more accurately [S4] than simulating in time domain or one needs to do linear prediction [S5] to improve the accuracy near ω = 0. 
